Complete r-partite subgraphs of dense r-graphs 
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Abstract 

Let r > 3 and (lnn)~^^^^~^^ < a < r~^. We show that: 

Every r-uniform graph on n vertices with at least an'' /r \ edges contains a complete r-partite 
graph with r — 1 parts of size a (Inn)^^^*^"^^ and one part of size n^"""^ ^ . 
This result follows from a more general digraph version: 

Let Ui, . . . ,Ur be sets of size n, and M C Ui x ■ ■ ■ x Ur satisfy \M\ > an^ . If the integers 
si, . . . , Sr-i satisfy 1 < si • • • s^-i < [a^~^ InnJ , then there exists Vi x ■ ■ ■ x Vr C M, such 
that Vi C Ui and \Vi\ = Si for 1 < i < r, and > n 



Keywords: uniform hypergraph; number of edges; complete multipartite subgraph. 
In this note graph means r-uniform graph for some fixed r > 3. 

Given c > 0, how large complete r-partite graphs must contain a graph G with n vertices and 
cn^ edges? This question was answered for r = 2 in [Ij, and for r > 2 in [2j: G contains a complete 
r-partite graph with each part of size a (logn)^^^'^"^-* for some a = a (c) > 0, independent of n. 

Here we refine this statement for r > 3 and extend it to digraphs. Letting Kr (si, . . . , Sr) be the 



complete r-partite graph with parts of size s 



1; 



'-j Theorem 1 Letr > 3 and (Inn) 



-l/(r-l) 



< a < r 



Sr, our most concise result reads as: 



Every graph with n vertices and at least an^ lr\ 



edges contains a Kr {s, 



.s,t) with s = a (Inn) 



and t 



n 



Theorem [T] follows immediately from a subtler one: 



Theorem 2 Let r > 3 and (Inn)"^''^''"^'' 
least an^ lr\ edges. If the integers si, . 
Kr {si, . . . , Sr-i, t) with t > n^"""^ . 



< a < r ^ . Let G be a graph with n vertices and at 
Sr-i satisfy 1 < Si ■ • ■ Sr-i < a^^^ Inn, then G contains a 



It seems that a digraph setup is more natural for such results, e.g.. Theorem [2] follows from 



Theorem 3 Let r > 3 and (Inn) 



^l/(r-l) 



< a < r . Let Ui, . . . ,Ur be sets of size n and M C 



Ui X ■ ■ ■ X Ur satisfy \M\ > an''. If the integers si, . . . , Sr-i satisfy 1 < si ■ ■ ■ Sr-i < a'" ^ Inn, then 
there exists Vi x ■ ■ ■ x Vr G M such that Vi G Ui and \ Vi\ = Si for 1 < i < r, and > ri^""'^ . 
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We prove Theorem [3] by counting. For a better view on the matter we give a separate theorem, 
hoping that it may have other apphcations as welL 

Let Ui, . . . ,Ur be nonempty sets and M C f/i x ■ ■ ■ x Ur, let the positive integers Si, . . . , 
satisfy \Ui\ > Si for 1 < i < r. Write Bm (si, . . . ,Sr) for the set of products Vi x ■ ■ ■ xVr C M such 
that Vi G Ui and = Sj for 1 < i < r. 

Theorem 4 Let r > 2, let Ui, . . . ,Ur be sets of size n and M C Ui x ■ ■ ■ x Ur satisfy \M\ > otrC' . If 

2'^exp (^-^(Inn)^/"^ < a < 1 
and the integers si, . . . ,Sr satisfy 1 < si ■ ■ ■ < Inn, then 



Remarks 



- The relations between a and n in the above theorems need some explanation. First, for fixed 
a, they show how large must be n to get valid conclusions. But, in fact, the relations are 
subtler, for a itself may depend on n, e.g., letting a = In Inn, the conclusions are meaningful 
for sufficiently large n. 

- Note that, in Theorems [T]l3l if the conclusion holds for some a, it holds also for < a' < a, 
provided n is sufficiently large. 

- As Erdos showed in p], most graphs with n vertices and (1 — e) (") edges have no Kr (s, . . . , s) 
for s > c (logn)^^*-*^"^^ and sufficiently large constant c = c{e), independent of n. Hence, 
Theorems [1]13] are essentially best possible at least for fixed a. 

- Finally, observe that different relations hold for r = 2, e.g., the following version of Lemma 2 
in |3j corresponds to Theorem [31 

1 /2 

Let (Inn) < a < 1/2, and let G be a bipartite 2-graph with parts of size n with at least 
av? edges. Then G contains a K2 {s,t) with s = |_a^lnnj and t > n^~". 

Proofs 

First, some definitions. 

Suppose Ui, . . . ,Ur are nonempty sets and M C ?7i x ■ ■ ■ x f/^; let the integers si, . . . , satisfy 
< Si <\Ui\, I <i <r. 

Define M' C Ui X ■ ■ ■ X Uj—i as 

M' = {{ui, . . . , Ur-i) : there exists u E Ur such that {ui, . . . , Ur-i, u) G M} . 

For every R G Bm' (si, . . . , Sr-i) , let 

Nm (-R) = {u : u E Ur and (mi, . . . , Mr-i, m) G M for every . . . , Ur-i) G R} , 
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dM{R) = \NMm- 

For every v E Ur, let 

Nm (v) = {{ui, . . . , Ur^i) : . . . , Ur^i, v) G M} , 
dM{v) = \Nm{v)\ , 

Dm (v) = \{R:Re Bm> (si, . . . , and v G A^^ {R)}\ . 
Finally, for every integer s > 1, let 



9s [,x) 



(^) if X > s - 1; 
ifx<s-l. 



Proof of Theorem[4]We use induction on r. Let first r = 2, and by symmetry assume that si > S2- 
Since (7^2 is convex, we see that 

RcUi,\B\=si \ ^2 / RcUi,\B\=si 
-1 

72 \ tin' 



On the other hand, we have 



>( ]9sA[ E dM{R) 

ySlJ \ \SiJ RcUi,\R\=s^ 



E dM {R) = E ['^^ = E fi-.i (c?M (m)) > ^fi-.i ( - E [u] 

RcUi,\R\=s-i U&U2 V -^l / «e(72 \^neC/2 

>„i>f|/"U,/- 



We have 

an > 4 exp i\nn (In n)^^^ ) > 2 exp ( - In n ) > 2 In n. 



and so, an > 2si. Therefore, 



, an\ /a\^^ / n 



and, since (x) is non- decreasing, we obtain 



n\ n\ / an \ \ I n\ 



Likewise, from 

— (Inn)^''^ < In — < In -, 
2 ^ ' - 4 - 4' 

we see that n > e^^'^^^)^, and so, 

{a/2y' n > (a/2)'"" n = n^+'^'''^ > n^-^ > 2^1^ > 2s2. 
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This inequality implies that 

\Bm (si,S2)| > 



Sl 



S2 



S1S20-S1S2-S2 



n \ I n 

Sl) \S2 



> 



completing the proof for r = 2. 

Assume now the assertion true for r — 1; we shall prove it for r. We first show that there exist 
W dUr and L C M with \L\ > {a/2) rf such that (11 {u) > {a/2) rf~'^ for all u^W. Indeed, apply 
the following procedure: 

Let W ^Ur, L = M- 

While there exists an u eW with di {u) < {a/2) rf"^ do 

Remove u from W and remove all r-tuples containing u from L. 
When this procedure stops, we have dL {u) > {a/2) n^'^ for all u & W. In addition, 

\M\ - \L\ < {a/2)n'-'^n < {a/2)n\ 

implying that \L\ > {a/2)rf, as claimed. 
Since {x) is convex, and 



E dL {R) = \L\= E Dl {u) 

ReBj^,{si,...,Sr-i) u&W 



we see that 



\BL{si,...,Sr)\> E 

ReBj^, {si,...,Sr-l) 



dL {R) 



Sr J ReBj^,{si,...,Sr-i) 



E 9sr {dL {R)) 



> \Bl' {Si, . . . , Sr-l)\ Qs 



= \Bl' {Si, . . . , Sr-l)\ gs 



( E dL{R)\ 

Rl^B^I (si,...,Sr-\) 



\Bl' (Sl, ■ ■ ■ ,Sr-l) 

/ E {u) 

V 



/ 



\Bl' (-Si, . . . , Sr-l^ 



On the other hand Si • • • s^-i < Si • • • < Inn. Also, for every u &W, we have 



dL {u) ^ a_ 
n'-i - 2' 



hence, in view of 



a 



^ 2' — Ig— A/lnn/r 2^~^e~^ v^lnn/(r— 1) 



(1) 



we can apply the induction hypothesis to the sets Ui, . . . , Ur-i, the numbers si, . . . , Sr-i, and the 
set Nl {u) G Ui X ■ ■ ■ X Ur-i- We obtain 

{r—l)svSr-l 

Dl{u)> 



a/2 



n 

Sr-l 



for every u & W. This, together with > /n^ > an/2, gives 

Note that the function g^^. (x/k) k is non-increasing in k for k > 1. Hence, from 



\Bl> {Si,. . . ,Sr-l)\ < 



n \ j n 

SlJ \Sr~l 



and ([T]), we obtain 



1 / \ -1 
n \ n \ n \ In 



\SiJ \Sr-lJ Y \SlJ \Sr~lJ ueW 

To continue we need the following 
Claim 5 The condition 

(^-^ (Inn)^/"^ < a < 1 

implies that 

a / a \ (r~i)si---sr-i 

— — n > 2sr- 

2 V2V 

Proof We have 

f (!)"■■■" a f (I)'"" > (^-^"f" = (^«)''^"- 

On the other hand 



gln4-Vlnn/2 _ 22g-Vlnn/2 ^ 2^g-vlnn/2 



and so. Inn > (In 16)^ , implying in turn that n > e*-'"^^^-* = 16^^^^^. Routine calculus shows that 
— 4 Inn increases for n > 16^°^^, and so, 

n^/2 - 4 In n > (16'"^ - 4 In 16 > 0. 

Now, from Q we obtain 

/ -I \ Inn 

a / a \ , , ._,VlT7^/r. ^-(lnn)/2_ / 



:) > (en)^^/'- > (4n) 



2 V2V - V / V ; V2ni/2 

/21nny"" ^ /2s, 
\ n J ~ \ n 

completing the proof of the claim. □ 
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From ([2]) and the definition of {x) we see tliat 



n\ ( ^ \ f ce / a\i''"-^>^-'^'--i\'''' f n 
si)'" W J V 2 



\Bl (Si, . . . , Sr)\ > 
> 

.2 J \2'J \si 
/ a \ f-si-sr f n\ f n 

^ \¥) \Si) "\Sr 

completing tlie proof. □ 

Proof of Theorem[3]As in the proof of TheoremlHwe find W C Ur and L C M with \L\ > (a/2) 
such that di (u) > (a/2) n"""^ for all u e W. Let 

t = max {(11 (-R) : R G Bii (si, . . . , s^-i)} . 

We have 

\Bl' (Si, . . . , Sr-l)\ < 



and so 



n \ In 

SiJ \Sr-l 

t{ ] >t\BL'{s,,...,Sr-i)\>\L\= EDl{u). (4) 



To continue we need the following 

Claim 6 The condition (Inn)"^^'-''""^'' < a < r"^ implies that 
Proof The upper bound is obvious, so we have to prove that 

, ^ 1 /, \l/(-r-l) 

m — > (inn) ' . 

2^ - r - 1 ^ ^ 

The function decreases for < x < e~^, and a < r~^; hence 

"1^1 ^ = -;^(31nr + rln2) > > -1 (5) 



and so, 



m — > — r — > mn ' 

2^ r - 1 a - r - 1 ^ ^ 



completing the proof of the claim. □ 
Since for every -u G we have 

dL ju) ^ a 
n'-i - 2' 
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in view of Claim[6l we may apply Theorem H] to the sets Ui, . . . , Ur-i, the numbers Si, . . . , s^-i, and 
the set Nl (m) C f/i x • ■ ■ x Ur-i, thus obtaining 



2^ ^ ) \Sr-\ 

for every u & W. This, together with \W\ > \L\ jrC'~^ > an/2, gives 



new 

Substituting this bound in (jlj), we find that 



^ ^ , , an / a \ / n\ f n \ 



t> -[ — ] n> -{ — ] n> { — ] n. 

- 2 V2V ~ 2 V2V V2V 



Finally, ([5]) gives 



completing the proof of Theorem [3l □ 

Proof of Theorem [2] Suppose r, a, ra, and G satisfy the conditions of the theorem. Let f/i, . . . ,Ur 
be r copies of the vertex set V of G, and let M C f/i x ■ ■ ■ x [/r be the set of r-vectors (ui, . . . , Ur) 
such that . . . ,Ur} is an edge of G. Clearly, \M\ > r! (an^/r!) = an^. Theorem [3] implies that 
there exists a set Vi x ■ ■ ■ x C M such that Vi dV and \Vi\ = Sj for 1 < z < r, and \Vr\ > n^~°'^ . 
Note that the sets Vi,...,Vr are disjoint, for the edges of G consist of distinct vertices. Hence 
Vi, . . . ,Vr are the vertex classes of an r-partite subgraph of G with the desired size. □ 
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